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Let n be a positive integer, and let n = x + y + z, x 2 y 2 z 2 0 be a 
partition of n into at most three positive parts; throughout the present 
paper the phrase “partition of KZ” will tacitly embody this restriction. The 
number of such partitions is well known to be p(n, 3) = {(n + 2)(n + 
4)/12}, where the curly brackets in this formula (but not elsewhere in the 
paper) indicate nearest integer [ 11. Further, let m’ = x2 + y2 + z2. Fixing 
n, we run through allp(n, 3) partitions of n, grouping together those which 
have the same m value. In other words, we impose a structure on the set of 
partitions by defining equivalence classes C,,, labeled by the value of the 
sum of squares of the parts. Any given class will consist of some k-tuple of 
partitions, k = 1, 2, . . . . Let H be the number of distinct i-tuples for given 
n, so that Z:,, ipi = p(n, 3); here r = r(n) is the maximum number of 
partitions in any of the classes C m; we shall call r(n) the rank of the integer 
n. In the sequel we investigate the properties of this new structure as n 
increases without limit. A complete characterization of the classification is 
given in terms of a suitably restricted set of solutions of a well-known 
binary diophantine equation. Although at first sight the problem appears 
to be related to that of enumerating the representations of an integer as the 
sum of three squares, the restriction that the terms be partitions of a given 
integer reduces it to a variant of the simpler two-square problem. 
The present problem has its origin in a physical model. For details the 
reader is referred to the forthcoming paper of Louck and Metropolis [2], 
who have attacked the question from an entirely different-and mainly 
geometric-point of view. 
1. THREE ELEMENTARY THEOREMS 
Although the results of this section are not needed for the proof of the 
more powerful theorems of Section 5, we include these three theorems to 
show what can be established using only the very simplest ideas. 
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THEOREM 1. The rank r(n) of every integer n 2 12 is at least 2. 
Proof. We must show that every integer n 1 12 has at least two 
partitions n = x + y + z with the same sum of squares. The unordered 
triples (a + d, b + e, c + j) and (a + e, b + f, c + d) obviously have the 
same sum n =(a+b+c)+(d+e+j);theywillhavethesamesumof 
squares iff ud + be + cf = ae + bf + cd, i.e., 
a(d - e) + b(e -f) + c(f - d) = 0. (1.1) 
It suffices to choose d = 4, e = 3, f = 1. Then (1.1) holds iff a = 3c - 26. 
Using this a, we have n =4c+8-b.Thusb=4c+8-n,a=2n- 
16 - 5c, and the original triples are 
(a,j3,y)=(2n-12-5c,4c+ll-n,c+l), 
(A, B, C) = (2n - 13 - 5c, 4c + 9 - n, c + 4). (l-2) 
Each of these has sum n and sum of squares 
m = f(c) = 42~’ - (28n - 210)~ + (5n2 - 70n + 266), (1.3) 
and this holds for all c. Clearly, all six components are nonnegative iff 
2n - 13 - SC 1 0,4c + 9 - n 2 0, c + 1 > 0. For n 2 12, this corre- 
sponds to the range R of c values 
(n - 9)/4 I c 5 (2n - 13)/5 (R). 
Note that the range R contains at least two integral values of c for all 
n 1 12; this is easily verified for 12 I n I 15, while (2n - 13)/5 - (n - 
9)/4 2 2 for n 2 16. 
All that remains to be done is to ensure that the two unordered triples in 
(1.2) are not merely permutations of each other. Since a > A, /3 > B, y < 
C, the only cases to be avoided arise from the identifications 
a P y & a B y 
B C A CAB 
These occur iff 3C = n - 7 or 3C = n - 8, respectively, i.e., when n E 1 
or 2 (mod 3). If n E 0 (mod 3), each integer c on R produces two distinct 
partitions of n, each pair having a common sum of squares as in (1.3). If 
n E 1 (mod 3), c, = (n - 7)/3 does give a permutation: 
( ) 
;+j , while all 
other integers c on R yield pairs of distinct partitions. Similarly for n G 2 
(mod 3), with c, = (n - 8)/3 giving the permutation g 
( ) 
, while other 
values yield distinct partitions. Note that both (n - 7)/3 and (n - 8)/3 
are on R. 
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THEOREM 2. For every multiple of 3, n = 3k 2 39, the rank r(n) of n is 
at least 4. 
Proof. For n = 3k, the parabola m = f(c) in (1.3) opens upward, has 
no real zeros (the discriminaut is -28(2n2 + 21) < 0), and has its vertex at 
c^ = k - i. Hence f(k - 3) = f(k - 2),f(k - 4) = j(k - l), . . . , and in 
general f(k - Z)=f(k+l-5).Forc=k-Zandc=k+Z-5,the 
triples in (1.2) are respectively 
(k - 12 + 51, k + 11 - 41, k + 1 - I), 
(k - 13 + 51, k + 9 - 41, k + 4 - 1) 
and 
(k + 13 - 51, k - 9 + 41, k - 4 + I), 
(k + 12 - 51, k - 11 + 41, k - 1 + ,), 
all four triples having the same sum of squares m = f(k - 1) = f(k + I - 
5). For 1 = 3 there are only two distinct partitions, for I = 4 there are 
three, but for 1 2 5 we get the Ctuple of partitions: 
(k - 12 + 51, k + 1 - 1, k + 11 - 41), 
(k - 13 + 51, k + 4 - 1, k + 9 - 41), 
(k - 9 + 41, k - 4 + 1, k + 13 - 51), 
(k - 11 + 41, k - 1 + 1, k + 12 - 51), 
where the first components are strictly decreasing 
Finally, it is easy to verify that, for 1 = 5, 
(3k - 9)/4 5 k - 5 <k I (6k - 13)/5, 
provided that k 2 13, n 2 39, i.e., both k - 5 are k are on the range R. 
Actually, direct computation shows the theorem holds down to n = 
33, n s 0 (mod 3). 
THEOREM 3. For n = 3k + 00, the number of classes C,,, containing at 
least four partitions is unbounded. 
Proof. This is clear from the proof of Theorem 2 since the range R 
expands indefinitely, provided that n 2 39. 
2. THE MAPPING F AND THE BIRTH-DEATH PROCESS 
In this section we adopt a more unified approach to the problem, 
abandoning the ad hoc constructions of the previous section. Pick some n 
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and consider the full set of p(n, 3) partitions grouped into classes C,,,-for 
example, in descending order of m. For every partition, increase each part 
by unity: (x, y, t) + (X + 1,~ + 1, z + 1). All the resulting triples will be 
partitions of n + 3, and each class C,,, will map into a class C,,,,, m’ = m + 
2n -t 3. Now P(n + 3, 3) > p(n, 3), so this mapping does not generate the 
full set of partitions of n + 3. Clearly, the additional partitions must be 
those which have at least one part equal to zero. Now Euler’s recurrence 
forp(u, u), the number of partitions of u into at most o positive parts, is [I] 
P(U, 0) = Au - 0, 0) + P(U, fJ - I), (2.1) 
or, with u = n + 3, u = 3, 
p(n + 3,3) = p(n, 3) + p(n + 3,2). (2.2) 
This is the raison d’Ctre of the construction given above. A typical case is 
set out in Table I. The first two columns give allp(9, 3) = 12 partitions of 
9 together with their m values, while the second pair of columns does the 
same for the ~(12, 3) = 19 partitions of 12. The full set of Q I- 9 is seen to 
be in one-one correspondence with the subset of ?r I- 12 which have no 
zero parts; the correspondence is precisely the mapping described above. 
The remaining partitions of 12 have at least one part equal to zero. Note 
the formation of two new 2-tuples as we pass from n = 9 to n = 12, viz., 
(831), (750); (822), (660), as indicated by the asterisks. 
TABLE I 
Sk9 m vi- 12 m 
9,0,0 81 
8, 1,O 65 
7, 2, 0 53 
7, 1, 1 51 
6, 3,0 45 
6, 2, 1 41 
5,4,0 41 
4P3.2 29 
3, 3, 3 27 - 
10, 1, 1 
9, 2, 1 
8, 3, 1 
8,2,2 
794, 1 
7, 3,2 
6, 5, 1 
6,4, 2 
6,3, 3 
5, 592 
5,473 
4,4,4 
102 
86 
74’ 
72” 
66 
62 
62 1 
56 
54 
54 
50 
48 
12,090 144 
11, 1, 0 122 
10, 2,0 104 
9, 3.0 90 
a, 4,o 80 
7, 590 74’ 
66 0 72” 
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We now describe the general case. As n increases in steps of 3 (so that 
the residue class of n modulo 3 remains fixed), the structure of the set of 
partitions is governed by a discrete birth-death process, or if one wishes, 
by a difference equation (whose exact form would be hard to write down!). 
Let us define, for convenience, the mapping F 
F: (x,y,z)-+(x + 1,y + 1,z + l), 
n+n+3, (2.3) 
m+m+2n+3. 
ThedomainofFisthesetofpartitionsofn,n=x+y+z,x2y2~2 
0; m = x2 + y2 + z2 as usual. The range of F is the subset of partitions of 
n + 3 satisfying x 2 y 2 z > 0. Clearly, F is invertible on this subset, but 
not on the full set of partitions; e.g., F-‘(x, y, 0) is not defined. 
Consider now, for given n, a k-tuple (x,,yi, z,), . . . , (xk,yk, zk), the 
defining properties being 
xi 2 yi > Zi 2 0, n = xi + yi + zi, 
m = x,? + y,? + z,?, llilk. 
Applying the mapping F, we obtain the new set (xi + 1, yi + 1, zi + l), 
1 I i I k, with sum n + 3 and sum of squares m + 2n + 3. This new set 
is either part of a (k + I)-tuple or a k-tuple as before, depending on 
whether or not there exists a pair of integers xk+ ,, yk+ i with the properties 
n+3= xk+l+Yk+l,x&+l 2Y/c+1 2 0, 
m + 2n + 3 = xi+, + yi+,. (2.4) 
Note that if such a pair exists, it is unique. In general, a pair of integers 
x 1 y is uniquely determined by the value of its sum d = x + y together 
with the value of its sum of squares e = x2 + y2. In fact, x, y are the two 
roots of the quadratic z2 - dz + $(d2 - e) = 0. This uniqueness implies 
that in a k-tuple (x,, y,, z,), . . . , (xk, yk, ZJ we must have all values of zi 
distinct. 
From the above discussion we see that, as we pass from n to n + 3 via 
the mapping F, there are two effects which change the number of classes 
with a given k: a positive contribution from those (k - I)-tuples which 
become k-tuples, and a negative contribution from those k-tuples which 
become (k + I)-tuples. This is the discrete birth-death process referred to 
earlier. 
There is one further idea we should introduce before proceeding to a 
more technical analysis of the problem. 
DEFINITION. A k-tuple which exists for some given n is said to be 
permanent if no power of the mapping F will map it into a k-subset of a 
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(k + I)-tuple. A sufficient condition for permanence is easily found. Let 
L(n) be the minimum value of x2 + y2, given n = x + y. Clearly, 
L(n) = n2/2, n even, 
L(n) = (n2 + 1)/2, n odd. 
(2.5) 
Note that L(n) increases quadratically with n. If the m value of a k-tuple at 
n is such that 
m(n + 3) 3: m + 2n + 3 < L(n + 3), w9 
then there is certainly no pair of integers satisfying (2.4) for these values of 
m and n. Since Am = 2n + 3 is linear in n while L(n) is quadratic, the 
inequality (2.6) will continue to be satisfied as n increases indefinitely by 
multiples of 3. Hence the k-tuple will remain a k-tuple, i.e., the k-tuple is 
permanent. 
EXAMPLE (2.1). The first Qtuple occurs for n = 33, namely, (22, 6, 5), 
(21, 10, 2), (20, 12, l), (17, 16, 0), andm = 545. At n = 36, m(36) = 545 + 
2 x 33 + 3 = 614, while L(36) = 362/2 = 648. Therefore this is a perma- 
nent 4- tupie. 
EXAMPLE (2.2). At n = 8 1 there are 21 4-tuples, of which 20 are perma- 
nent. Indeed, the largest m in this permanent set is 3305, so m(84) = 3305 + 
2 x 8 1 + 3 < 3528 = L(84). The last C&pie (in, order of increasing m) has 
m = 3461, leading to m(84) = 3626 > L(84). Indeed, at n = 84 this becomes 
a nonpermanent 5-&p/e, and fina!s stabi& as a permanent 6-tuple (the first 
such) at n = 87. 
In Table II we give a short list of n,-,(k), the n at which the first 
permanent k-tuple occurs, for 2 I k I 16. The reason for the large values 
of ndk) for prime k is given in Section 6. 
3. CHARACTERIZATION OF THE PARTITIONS IN A CLASS 
In this section we state and prove several theorems which completely 
characterize the partitions belonging to a given class C,. 
THEOREM 4. ‘Zf m L n > 0, and the triple (x, y, z) is a partition of n of 
class C,,,, then 
(a) 2(m - z2) - (n - z)~ = S2, a square, where 0 < S I n - 3z; 
@I x = (n - z + S)/2, y = (n - z - S)/2; 
(c) the even integer iV = 6m - 2n2 is of the form 
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TABLE II 
k ndk) 
2 6 
3 24 
4 33 
5 168 
6 81 
I 1176 
8 144 
9 315 
10 612 
11 58149 
12 381 
13 407M3 
14 4284 
15 2205 
16 801 
N=3S2+T2,wheren2T2S20,T=n(mod3),z=(n-T)/3. 
ProojI From x + y = n - z > 0 and x2 + y* = m - z* > 0, we have 
y = (n - z) - x, and hence x2 + [(n - z) - xl* = m - z*. Thus 2x2 - 
2(n - z)x + [(n - z)* - (m - z*)] = 0, where (n - z)* - (m - z*) = (x 
+ yy - (x2 + y2) = 2xy is even and 2 0. Solving this quadratic, we find 
x =f{(n - z) + [2(m - z*) - (n - z)*]‘/*} so 2(m - z*) - (n - z)* = 
S* for some integral S 2 0. This proves (a). Also, for this S, x = i {(n - z) 
+ S}, y = (n - z) - x = f{(n - z) + S}. Since x >y, we obtain (b). 
Then from z I y it follows that 22 I n - z - S, and z I (n - S)/3, or 
S 5 n - 32. Now 2(m - z*) - (n - z)* = S* implies 3z2 - 2nz + (n* - 
2m + S*) = 0, where n* - 2m + S* = z(2n - 32) 2 0, since z 2 0 and 
z _< (n - S)/3 I n/3 < 2n/3. Solving this quadratic, z =f(n - [6m - 
2n2 - 3S*]‘/*). Thus we must have N = 6m - 2n2 = 3S2 + T* for some 
T 1 0. But z = (n - T)/3 im pl ies n 2 T, T GE n (mod 3), and T 2 S, 
since z I (n - S)/3. 
COROLLARY 4.1. Zfm>n>O,n = 34 and (x, y, z) is a partition of n 
belonging to the class C,, then 
(a) 2(m - z*) - (n - z)* = S*, 0 I S I n - 3z; 
C-9 x = (n - z + S)/2,y = (n - z - S)/2; 
(c) the even integer M = 2m - 61i2 is of the form 
A4 = S* + 3T2, where ti 2 T, 3 T 2 S, and z = ii - T. 
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,Proo$ This is clear from Theorem 4, with the definitions n = 3fi, T = 
3T, and iU = N/3. 
The converse of Theorem 4 is 
THEOREM 5. Zf N is an even integer, if N = 3 S2 + T*, T 2 S 2 0, and 
n is a positive integer such that n 2 T, n = T (mod 3), then zW= (n - T)/3, 
x = (n - 2 + S)/2,y = (n - z - S)/2 defines a partition (x, y, z) of n of 
chss C,,,, where m = (N + 2n2)/6. 
Proof. Clearly, x 2 y, and z I y is equivalent to z I (n - S)/3, 
which holds because z = (n - T)/3 and T 2 S. Moreover, z 2 0 is 
obvious. From T 3 S (mod 2) (recall that N is even) it follows that 
n - z = (2n + T)/3 E S (mod 2), so x,y are integers. As defined, x + y 
= n - z, so (x, y, z) is a partition of n. Note that m = (N + 2n2)/6 is a 
positive integer, since N is even, and N + 2n2 E 3s’ + T2 + 2T2 G 0 
(mod 3). Finally, x2 + y2 = i{ (n - z)’ + S’}, and the theorem will 
follow provided that (n - z)’ + S2 = 2(m - z’), or equivalently, 
z =i{n &[6m - 2n2 - 3S2] ‘I’}. But this holds, because 6m - 2n2 = N 
= 3s’ + T2 and z = (n - T)/3 by hypothesis. 
COROLLARY5.1. ZfMisaneveninteger,ifM=S2+3f2,3$>S 2 
0, and ii is any positive integer such that fi 2 ?, then z = ri - ?, x = (34 - 
z + S)/2, y = (32 - z - S)/2 defines a partition of n = 3fi of cla.w C,,,, m 
= M/2 + 3ri2. 
Proof. This follows from the theorem if we define N = 3A4, T = 32. 
THEOREM 6. Zf n > 0 and N 2 0, N even, are fixed integers, and 
(Si, TJ i = 1, 2, . . . , k, are all the pairs (S, T) satisfying the conditions 
N = 3s’ + T2, T2S20, T I n, T E n (mod 3), 
then the corresponding partitions (xi, yi, zi) of n defined in Theorem 5 
constitute the entire class C,,,, where m = (N + 2n2)/6. 
Proof. Since the q are distinct, so are the zi and hence also the 
partitions (xi, yi, zi). But by Theorem 4, every partition of n of this class 
C,,,, m = (N + 2n2)/6 must arise from one of the pairs (Si, ZJ. 
COROL_LARY 6.1. Zf n = 38 > 0 and M 2 0, M even, are fixed integers, 
and (Si, q), i = 1, 2, . . . , k, are all the pairs satisbing the con&ions M = 
S2 + 3f2, 3f 2 S 2 0, I? I ii, then the partitions (xi, yi, zi) of n = 3ri 
defined in Corollary 5.1 constitute the entire class C,,,, m = M/2 + 3fi2. 
Proof. This is clear from the theorem, as before. 
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4. THE NUMBER OF PARTITIONS IN A CLASS 
We now show that for the sequences of integers n = 3h, n = 3h + 2 the 
number of partitions in a class is unbounded, and that indeed every 
integral value is assumed as the cardinality of some class. It is also proved 
that the rank r(n) of integers n in any fixed residue class modulo 3 is 
nondecreasing, and also assumes every integral value in each of the above 
sequences. While some of these results are merely corollaries of the deeper 
theorems in Section 5, they are included here for the sake of the insight the 
proofs afford into the manner in which classes propagate. 
THEOREM 7. Zf k 2 1, 3 I b, < b, < . . . < bk, P = II:($? + 3), and 
ai = 4(P/(b,? + 3)), Si = aibi, Ti = 2P - 3ai, i = 1, 2, . . . , k, then the 
(Si, T) are k distinct solutions of the equation 3s’ + T2 = 4P2, with 
T 2 S 2 0, and all T are in the residue class 0 (mod 3), or all are in the 
class 2 (mod 3). Hence, for any fixed n L Tk with n E 0 or 2 (mod 3), 
respectiuely, n has at least k partitions of cla.~s C,,,, m = (4P2 + 2n2)/6. 
Proof. Obviously, all Si > 0, and q = 2P - 3ui 2 Si = aibi, since this 
is equivalent to 2P 2 ui(bi + 3) = (4P/(b,F + 3)) (bi + 3), or (bi - 1)2 2 
4, which is true because bi 2 3. The q are distinct because the a, are. 
Moreover, all T = 2IItb,? (mod 3), so all ?; E 0 or all q G 2 according as 
some $ = 0 (mod 3) or all bj E 2 1 (mod 3). Finally 3s: + T? = 3a,zb,z 
+ 4P2 - 12Pai + 9az? = 4P2 - 12Pai + 3a,?(bf + 3) = 4P2. Since Tk = 
max Ti, the theorem follows from Theorem 6. 
THEOREM 8. The rank r(n) of integers n in a particular residue class 
(mod 3) is nondecreasing. 
Proof. Iterate the mapping F of Section 2. 
THEOREM 9. For either of the sequences n = 3h, n = 3h + 2, there exists 
for every k 2 1 an n with some class C,,, hauing exactg kpartitions. 
Proof. By Theorem 7 there is an n having a class C, with exactly 
K 1 k partitions. We can assume that the triples (xi, yi, zi) are ordered on 
the last component zi, so z, > zz > . * * > zk (as we saw in Section 2, 
these must all be distinct). Now apply the inverse mapping F- ’ zk times 
(zK can be zero). In this way we reach a K-tuple with z, = 0. Now 
disregard the Kth triple and continue as before. Repeating the process as 
often as required, we eventually reach a k-tuple. The corresponding n is of 
course calculated by subtracting 3 from the current n at each mapping 
F-l. 
THEOREM 10. For either of the sequences n = 3h, n = 3h + 2, there 
exists an n of rank k for ecwy k 2 1. 
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Proof. Calculation shows that 411) = 1. Since every class C,,, of n with 
n = 2 (mod 3) gives rise at n + 3 to a class containing the same number 
of partitions or one more than this, the result is clear for integers n = 3h + 
2. For, by Theorem 7, the rank of integers in this sequence is unbounded. 
A similar proof holds for integers n = 3h (since r(3) is found to be unity). 
5. ON thtMANENCE 
In Section 2 we defined permanence of a k-tuple in terms of the action 
of the mapping F. It is clear from Theorem 6 that a permanent class will 
arise when n is at least as large as the greatest q among the full set of 
solutions of 3s’ + T2 = N, T 2 S 2 0, for some even N, all the Ti being 
in the same residue class modulo 3 as n. To give a trivial example, the only 
solution of 3S2 + T2 -4,T >S 2 O,withT= l(mod3),isS= T- 1. 
From this arise the permanent classes {(1+ 1, f, 1)) of n = 1 + 31, I L 0, 
each class consisting of a single partition. Similarly, S = 0, T = 2, is the 
only solution with T 3 2 (mod 3), and it gives rise to the permanent 
classes {(I + 1, I + 1, I)} of one element each for the integer sequence 
n - 2 + 31. 
By Corollary 6.1, a permanent class for an integer n = 3R arises when ri 
is at least as large as the greatest ti (= 7J among all the solutions 
(S,, t,), i - 1, 2, . . . , k, of S2 + 3t2 = M, 3t 2 S 2 0, for some even M. 
We illustrate this for the first example given in Section 2. Let M = 364. 
The solutions (Si, ti) of S2 + 3t2 = 364, 3t 2 S are (1, 11), (8, lo), (11,9), 
(16,6). Taking A = max ri = 11, we see that the first occurrence of this 
permanent Ctuple is at n = 3ri = 33. Using Corollary 5.1 we may verify 
that these solutions give rise to the four triples listed in Example 2.1. We 
remark that n = 33 is also the first n for which a permanent 4tuple exists. 
This follows from Theorem 12 below on noting that the factorization of 
364 is 4 X 7 X 13. 
We now show that for every k 2 1 there exists an even integer M such 
that S2 + 3t2 = M, 3r 2 S 2 0, has exactly k solutions (S,, I,). For this 
purpose we need a classical theorem (3, p. 80, Exercise 31, which we quote 
without proof. 
THEOREM 11 (L. E. Dickson). L-et M = 4”Sbp;lp;l * * . p,? = 4% where 
a 2 1, b 2 0, n, 2 0, i = 1, 2, . . . , j, and the pi are distinct primes. Further 
let E(u) be the excess of the number of divisors d 2 1 of u of the form 
3h + 1 over those of the form 3h + 2. Then the equation S2 + 3t2 - A4 has 
exact& 6 E( 24) solutions ( ? Si, + tJ. 
Remark. If the pi are all of the form 6/ + 1, then E(u) is given 
explicitly by E(u) = II{(n, + 1). 
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Note that Dickson’s theorem does not include restriction 3t 2 S 2 0, 
which we need. To adapt Dickson’s result to our purposes, we prove 
THEOREM 12. If M = 4’u, I 2 1, u 2 1 odd, 3 1 u, then Sz + 3t2 = 
M, 3t 2 S 2 0, has exactly E(u) solutions (S, t), where E(u) is the number 
defined in Theorem 11. 
Proof. Care 1. u not a square. We split the set of all nonnegative 
solutions S 2 0, t 2 0 of S2 -I- 3t2 = M into three disjoint subsets 
A = {(S, t); 0 < s < t}, 
B = {(S, t); 0 < t < S < 3t}, 
c = {(S, t): 0 < 3t < S}. 
We shall show that these three sets have the same cardinality, IA 1 = 1 B 1 = 
I C I, and since, by Theorem 11, 6E(u) is the total number of pairs 
(S, t), S, t 2 0, satisfying the equation, we shall have 6E(u) = 4(IAI + IBI 
+ ICI) = 12lAI. Hence IAl + IBI = 2lAI = E(u) as stated. 
(a) The mapping (S, t) + ((3t - S)/2, (t + S)/2) = (S’, t’) is one- 
one on A to all of B. It is easily verified that S2 + 3t” = A4, and 
0 < t’ < S’ < 3t’. The one-one property is trivial. Moreover, if (S’, t’) is 
an arbitrary pair in B, then (S, t) + (S’, t’) where (S = (3 t’ - S’)/2, t = 
(t’ + S’)/2) is in A. It follows that IAl = I B I. 
(b) The mapping (S, t) + ((S + 3t)/2, (S - t)/2) s (S’, t’) is one- 
one on B to all of C. The verification is analogous to part (a) above. In 
particular we note that for (S’, t’) in C we have (S, t) + (S’, t’) where 
(S = (S’ + 3t’)/2, t = (S’ - t’)/2) is in B. Thus IBI = ICI, and the proof 
of Case 1 is complete. 
Case2. u= u2, a square. We now split the solution set into five subsets 
A, A,, B, C, C,, where A, B, C are defined as before, while A, consists of 
the single pair (S = 2’-‘u, t = 2’-‘u), and C, contains the single pair 
(S = 2’0, t = 0). We prove as before that IA I = IBI = ICI. Now, however, 
6E(u) = 4lAI + 4lA,I + 4(BI + 4lCI + 2lC,I = 12lAI + 6, so IAl = (E(u) 
- 1)/2. Therefore IAl + IA ,I + IBI = 2lAI + 1 = E(u). The theorem 
follows. 
COROLLARY 12.1. For ewy k there exists an n = 3ri such that n hL;lr a 
permanent class of exactly k partitions. 
Proof. Since S2 + 3 t2 = 4 x 7k-‘, k 2 1, 3t 2 S 1 0, has exactly 
E(7k-9 = k solutions, the result is clear. 
Remark. The problem of finding all nonnegative solutions of S2 + 3t2 
= M, M = 4’u, u 2 1 odd, I 2 1, can be reduced to that of finding 
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solutions for the case I = 1. For the solutions with I = 1 + p, p > 0, are 
multiples of those with I = 1, the factor being 2P. 
We now consider the case where A4 has one or more factors of 3. 
THEOREM 13. Zf M = 4’3’w, I 2 1, r 2 0, w L 1 odd, 3 1 w, and N(M) 
denotes the number of pairs (S, t) such that S2 + 3t2 = A4, 3 t 2 S 2 0, 
then N(M) = E(w) if r is even, or if r is odd and w is not a square. If, 
howeuer, r is odd and w = G2, then N(M) = E(w) + 1. 
Proof In the first two cases, the set of all nonnegative (S, t) splits into 
the sets A, B, C of Theorem 12, and we see that N(M) = E(w) by the 
same argument used in the proof of that theorem. But if r = 2s + 1, w = 
G2, the set of solutions (S, t) splits into five sets A,, A, B, B,,, C, with 
A, B, C as before, while A,, B, consist respectively of the single pairs 
(S = 0, T = 2’3%) and (S = 3t, t = 2’-‘3%). Then 6E(w) = 2 + 4/A/ + 
41BI + 4 + 4jCI = 12lAI + 6, so [A( = (E(w) - 1)/2, and N(M) = 1 + 
IAl + IBI + 1 = 2 + 2lAI = E(w) + 1. 
THEOREM~~. ZfM=4’3’w,l2 l,r2 l,w> loud,3/w,theninthe 
set of pairs (S, t) satisfying S2 + 3t2 = M, 0 I t 5 S, all S are divisible by 
3, and there are no S G & 1 (mod 3). 
Proof In fact, euery pair (S, t) has S = 0 (mod 3). 
COROLLARY 14.1. If A4 satisfies the hypothesis of the theorem, there are 
no pairs (a, 7) satisfying 3a2 + r2 = h4,7 > u 2 0, with 7 = 2 1 (mod 3). 
Hence the method produces no permanent classes in the sequences 3h 2 1. 
Remark. Only those solutions corresponding to M values with r = 0 or 
r = 1 are “independent.” Each additional factor of 32 merely multiplies S 
and t by a factor of 3. 
We now consider the enumeration of solutions of 3s’ + T2 = N; T 2 
S 2 0, T G 2 1 (mod 3). We proceed via the equation S2 + 3t2 = it4 
(since we must use the result of Theorem 11). The main step is 
THEOREM 15. Zf M = 4/u, 1 2 1, u 2 1 odd, 3 j u, then in the set of ail 
pairs (S, t) satisfiting S* + 3 t ’ = M, 0 I t I S, the number of pairs with 
S E 1 (mod 3) is equal to the number with S E 2 (mod 3). This number is 
E(u)/2 tf u is not a square, and (E(u) + 1)/2 if u is a square. 
Proof In the notation of Theorem 12, the pairs (S, t) with 0 I t I S 
comprise the sets B, C if u is not a square, and the sets A,, B, C, C1 if it is 
a square. The mapping (S, t) + ((S + 3t)/2, (S - t)/2) G (S’, t’) is re- 
spectively, one-one on B to all of C, or one-one A, u B to all of C, u C. 
Moreover, mod 3, S z 1 implies S’ = 2 while S = 2 implies S’ = 1. For, 
S + 3t = 2s’ implies S = 2s’ (mod 3). In the proof of Theorem 12 it was 
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found that IAl = E(u)/2 or IAl = (E(u) - 1)/2, respectively, for u not a 
square or u a square. Hence for these two cases, the number of S E 1 
(mod 3) is (IBI + ICI)/2 = IAl in the first and (IA,1 + IBI + ICI + 
ICJ)/2 = IAl + 1 = (E(u) + 1)/2 in the second. 
COROLLARY 15.1. Zf M = 4/u, 1 2 1, u 2 1 odd, 31 u, then the number 
of pairs (a, 7) such that 3a2 + r2 = M, 7 2 u 2 0, with 7 = 1 (mod 3) is 
equal to the number with r = 2 (mod 3). This number is E(u)/2 if u is not a 
square, and (E(u) + 1)/2 if it is. 
Proof. This is an immediate consequence of the theorem if we write 
u = t and r = S. 
COROLLARY 15.2. For euety k 2 1 there exists an n in each of the three 
residue classes module 3 which bus a permanent class of exactly k partitions, 
and r(n) assumes all integral values. 
Proof For n = 0 (mod 3) this has already been proved in Corollary 
12.1. For n E + 1 (mod 3) the result follows from Corollary 15.1. It 
suffices to take M = 4 x 7“-l, which has E(u) = k, so there are k/2 
solutions for k even and (k + 1)/2 for k odd. In either case, the number of 
T congruent to 1 or to - 1, modulo 3, assumes all integral values. 
COROLLARY 15.3. As n --f co in any of the three residue classes module 3, 
the number of permanent classes with exactly k partitions is nondecreasing, 
and grows without bound. 
Proof. Since a permanent class of k partitions for n remains such a 
class for n + 3, n + 6, . . . , the number of these classes is nondecreasing. 
Moreover, (1) there are exactly E(7k-‘) = k pairs (S, t) satisfying the 
conditions S2 + 3 t2 = 4’7&-‘, k 2 1, 3 t 2 S 2 0 for each 1 = 
1,2,3,...; (2) the greatest = t(1) in the set of solutions is unbounded as 
I+= cc ; (3) the class corresponding to each 1 becomes permanent for 
n = 3ri 2 3t(l). Hence the number of permanent classes with k partitions 
must grow without bound in the sequence n = 3h. A similar argument 
applies to the two other sequences n = 3h ? 1. 
6. CONCLUDING REMARKS AND OBSERVATIONS 
(a) An example illustrating Theorem 15. For n E 0 (mod 3), the first 
permanent 6-tuple occurs at n = 87. The full set of nonnegative solutions 
consists of nine pairs (S, t), only the first six of which satisfy 3t 2 S 2 0. 
We have in this case M = 2548 = 4 X 72 X 13 = 424, so that E(u) = 6; 
this is clearly the smallest M that can yield a 6-tuple. The nonnegative 
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solution set of S2 + 3 T2 = 2548 is 
s t 
1. (5, 29) 
2. (14,28) 
3. (19, 27) 
4. (31,23) 
5. (35, 21) 
6. (41, 17) 
7. (46, 12) 
8. (49, 7) 
9. (50, 4) 
31 2s 
t 
S2t 
Here t, = ii = 29, so nmin = 3fi = 87 for the 6-tuple. Now reverse S and 
t, S + 7, t + 6, in the last six pairs: 
(I 7 
4. (23, 31) 
5. (21, 35) 
6. (17, 41) 
7. (12,46) 
8. (7, 49) 
9. (4, 50) 
72a 
Note that the first three pairs of the complete set cannot contribute to the 
solutions with n = + 1 (mod 3) since they have S < t, or r < (I on 
reversal. Now we divide the six reversed pairs Nos. 4 through 9 into two 
sets of three according to whether r E 1 or r z 2 (mod 3). For r E 1 (mod 
3) we have 
4. (23, 31) + [33, 10, 61 
7. (12, 46) +- [30, 18, l] 
8. (7, 49) + [28, 21, 0] 
(nmin = 49, m = 1225), where we have used Theorem 5 to construct the 
corresponding 3-tuple. The values of ltmin and m also follow from Theorem 
5. 
Similarly for r E 2 (mod 3): 
5. (21, 35) + [33, 12, 51 
6. (17, 41) + [32, 15, 31 
9. (4, 50) + [27, 23, 0] 
(nmin = 50, m = 1258). S ince these two sets are generated from the first 
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permanent 6-tuple, we might expect them to be the first permanent 
3-tuples in their respective residue classes, and this is confirmed by 
calculation. Similarly, the first permanent 6-tuple for n E 2 (mod 3) occurs 
at n = 215, and that for n E 1 (mod 3) at n = 220. These both arise from 
the first permanent 1Ztuple for n E 0 (mod 3), which occurs at n = 381, in 
precisely the manner indicated above. 
(b) First occurrence. Although we have given no formal proof, it is 
clear from Corollary 15.1 that the first occurrence of a permanent class of 
fixed cardinality k will be at some n E 0 (mod 3). Furthermore, we may 
takeM=4xp;lXp;‘X-+- xpi’) = 4u, where the pi are primes of the 
form 6Z+ 1; the inclusion of primes of the form 61 - 1 will simply reduce 
E(U), so that the required k can only be at some larger n. Finally, we want 
to choose the q to give the particular factorization of k = II{(q + 1) which 
minimizes M; it is understood, of course, that to get the minimum M we 
use the smallest primes available, i.e., 7, 13, 19, 31, . . . . We have not 
proved that the minimizing factorization will yield the smallest n in all 
cases, but a conjecture to that effect seems reasonable; the proof, however, 
may not be straightforward. This is suggested by the following observation. 
If, for some n 3 0 (mod 3), we have a set of k-tuples arranged in order of 
increasing A4 values of the corresponding (S, t) pairs, then it is not true 
that the nmin values for these k-tuples are necessarily nondecreasing (we 
have found several counterexamples). 
In Table II, the n,(k) for k = 10, 12, 14, 15, 16 have A4 values corre- 
sponding to the factorizations 
10=5~2+7~x 13, 
12=3~2~2-+7~~13~19, 
14=7~2+7~x 13, 
15 = 5 x 3 + 74 x 132, 
Of these, only k = 16 has a serious alternative factorization, namely, 
16 = 4 x 2 x 2 + 73 x 13 x 19, but this gives nmin = 1008. Of course, if k 
is a prime, there is only one choice, namely, M = 4 x 7k- ‘. It is obvious 
that such M values are generally much larger than those one can obtain for 
composite k. This explains the large n,,(k) values for k = 11, 13. 
(c) We have not said much about the precise number of k-tuples for 
given k, merely that the number of such is unbounded as n + cc (and that 
the number of permanent k-tuples is nondecreasing with increasing n). 
There is also the question of the behavior, with increasing n, of the ratio of 
the number of k-tuples to the number of (k + I)-tuples, and of similar 
ratios. For example, when n E 0 (mod 3), the number with k even seems to 
be much greater than the number at k’ = k ? 1. This may merely reflect a 
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relatively larger number of factorizations of even k, i.e., a larger number of 
distinct A4 values. From our present standpoint, these problems look quite 
difficult. 
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